Abstract. We provide a simple and efficient numerical criterion to verify the Iwasawa main conjecture and the indivisibility of derived Kato's Euler systems for modular forms of weight two at any good prime under mild assumptions. In the ordinary case, the criterion works for all members of a Hida family once and for all. The criterion also shows a relation between Kato's Euler systems and Euler systems of Gauss sum typeà la Kurihara. The key ingredient is the explicit computation of the integral image of the derived Kato's Euler systems under the dual exponential map. We provide some explicit new examples at the end. This work does not appeal to the Eisenstein congruence method at all.
1. Introduction 1.1. Overview. The theme of this article is to apply the refined nature of Kolyvagin systems to the context of Kato's Euler systems and the Iwasawa main conjecture for modular forms.
In his celebrated work [Kat04] , Kato proved one divisibility of the Iwasawa main conjecture for modular forms over the cyclotomic Z p -extension of Q, which gives an upper bound of Selmer groups. The key ingredient of his proof is the development of the Euler system of his zeta elements coming from Siegel units.
The theory of Euler systems itself is refined later in terms of Kolyvagin systems due to Mazur and Rubin [MR04] . Kolyvagin systems arise from the derivative process of Euler systems, but they are more organized and admit a more rigid structure than the Kolyvagin derivative classes, which we call derived Euler systems. In the theory of Kolyvagin systems, the concepts of primitivity and Λ-primitivity are introduced. These notions provide the criterion to obtain the exact bound of Selmer groups and the equality of the Iwasawa main conjectureà la Kato, respectively. Furthermore, K. Büyükboduk observed that the primitivity of Kato's Kolyvagin systems implies the Λ-primitivity of Kato's Λ-adic Kolyvagin systems. Also, it turns out that the primitivity of Kolyvagin systems is equivalent to the indivisibility of derived Euler systems. However, it seems highly non-trivial to show that such a mod p non-vanishing of cohomology classes in a direct way.
In the anticyclotomic context, the indivisibility of derived Heegner points is conjectured by Kolyvagin [Kol91] , and proved by Wei Zhang [Zha14] under certain assumptions using the relevant main conjecture as the combination of [Kat04] and [SU14] and the Bertolini-Darmon-Jochnowitz congruence argument [BD05] .
In his unpublished thesis [Gri05] , G. Grigorov tried to understand the mod p non-vanishing problem in terms of the mod p non-vanishing of certain modular symbols via the mod p dual exponential map for elliptic curves over Q with good ordinary reduction. His work depends heavily on the dual exponential computation of K. Rubin in [Rub00, §3.5] for unramified extensions of Q p and the modular symbol computation of S. R. Williams' unpublished thesis [Wil01] . Although the computation in Williams' thesis is purely analytic, the content is nothing but the mod p formal Taylor expansion of Kolyvagin derivatives of Mazur-Tate elements. We remark that our work generalizes Grigorov's thesis to modular forms of weight two with arbitrary Fourier coefficients and deals with ordinary and non-ordinary forms on equal footing.
Our goal is to provide a numerical criterion for the mod p non-vanishing of the Kolyvagin derivatives of Mazur-Tate elements, which implies the indivisibility of the derived Kato's Euler systems via the (integral) dual exponential map. As an analytic and cyclotomic analogue of Kolyvagin's conjecture, the conjecture of Kurihara (Conjecture 1.9) expects that the numerical criterion always works at least for elliptic curves with good ordinary reduction. Indeed, Kurihara proved his conjecture (Theorem 1.10) using the main conjecture and the non-degeneracy of the p-adic height pairing for elliptic curves with good ordinary reduction.
Although our numerical criterion works under a certain minimal level condition, the results on the main conjecture generalize to modular forms of arbitrary level via congruences following the idea of [GV00] , [EPW06] , and [GIP08] under the µ = 0 assumption. Therefore, the criterion checks the equality of the Iwasawa main conjecture for families of modular forms once and for all.
In their work [SU14] , Skinner and Urban proved the opposite divisibility of the Iwasawa main conjecture for modular forms at good ordinary primes under certain assumptions. Thus, they obtained the equality of the Iwasawa main conjecture for a large class of modular forms. In their argument, they introduced a technical assumption on the ramification of the residual representation. Namely, the residual representation should have a semistable but unstable prime in the tame level. Later, Xin Wan removed the technical asumption in [Wan15] via the base change trick under another assumption on the existence of a certain real quadratic field concerning the period issue. See [Wan15, Theorem 3, Theorem 4, and Remark 5] for detail. Also, note that the character of modular forms is assumed to be trivial in their work.
For the recent development of the equality of the Iwasawa main conjecture for modular forms at nonordinary primes, see [Wan18b] , [Spr16] , and [Wan18a] . We also discuss some non-ordinary examples in §8.2.
1.2. The statements.
1.2.1. Main Theorem. Let p > 2 be a prime. Let f = n a n (f )q n ∈ S 2 (Γ 1 (N ), ψ) be a newform with character ψ and assume (N, p) = 1. Let Q f,λ be the Hecke field of f over Q p , Z f,λ be its ring of integers, λ be a uniformizer, and F λ be the residue field. If a p (f ) is a λ-adic unit, let α be the unit root of the Hecke polynomial X 2 − a p (f )X − ψ(p)p of f at p. Let ρ = ρ f : G Q = Gal(Q/Q) → GL 2 (F λ ) be the residual Galois representation of f with the tame conductor N (ρ) following the cohomological convention as described in §2.4.
Let Q ∞ be the cyclotomic Z p -extension of Q. Let n be a square-free product of Kolyvagin primes (Definition 4.1) and a n be the (+)-part of the modular symbol where a n ∈ Q and Ω + f is the (+)-part of an integral canonical period of f defined in §5.4. Let a n + f ∈ F λ be the reduction of a n + f modulo λ. Since n is a product of Kolyvagin primes, any prime divisor ℓ of n satisfies ℓ ≡ 1 (mod p). For each ℓ, we fix a primitive root
Theorem 1.1 (Main Theorem). Assume the following conditions:
for some n, then
(1) the derived Kato's Euler system does not vanish modulo λ, and (2) the Iwasawa main conjectureà la Kato (Conjecture 3.3) holds for (f, Q ∞ /Q).
The first statement should be viewed as the cyclotomic analogue of the Kolyvagin conjecture on the indivisibility of derived Heegner points ([Kol91, Conjecture A]). The proof of Theorem 1.1 is sketched in §1.3 and the formal proof is given in §7.4.
We call δ n the Kurihara number at n since Kurihara extensively studied the properties of the number δ n in the context of Kolyvagin systems of Gauss sum type in [Kur14b] . The number δ n itself depends on the choices of η ℓ for ℓ|n, but the mod λ non-vanishing property is independent of the choices. In [Gri05, §3.8], Grigorov provided the table of the non-vanishing of δ n for almost all (optimal) elliptic curves over Q of conductor < 30, 000 with p ≥ 5 such that the p-part of the analytic order of the Shafarevich-Tate groups is non-trivial. We complete the table in Corollary 1.8 and add several numerical examples in §8. In [Ota18, Theorem 4.9], Kazuto Ota gave a lower bound of the number of divisors of n to have δ n = 0. It should be larger than or equal to the F λ -rank of the p-strict Selmer group of ρ over Q. Note that Ota studied the Mazur-Tate conjecture using the divisibility of higher derived Kato's Euler systems.
Condition (Tam) is a necessary but very mild condition. The first condition of Condition (Tam) corresponds to the following divisibility criterion
q and N ns := q N,aq(f )=−1 q. Indeed, if we have δ n = 0 for some n, then the second condition of Condition (Tam) is automatic (Remark 2.3). Under a mild condition on the determinant of the residual representation, we can always find a newform satisfying Condition (Tam) in the set of congruent forms via level lowering and level raising (Proposition 2.4). Then we can spread the equality of the Iwasawa main conjecture from one form (checked by Theorem 1.1) to all the congruent forms via congruences.
1.2.2. Extension of Theorem 1.1 via congruences I. In this subsection, we assume that a p (f ) is a λ-adic unit satisfying Condition (NA) in Theorem 1.1.
Let f α ∈ S 2 (Γ 1 (N )∩Γ 0 (p), ψ) be the p-stabilization of f (defined in §3.2) with the unit U p -eigenvalue α = α p (f ). Corollary 1.2 (The ordinary forms of arbitrary weight). As well as the assumptions in Theorem 1.1, we further assume that
• p > 3, and
δ n = 0 ∈ F λ for some n, then the Iwasawa main conjectureà la Mazur-Greenberg (Conjecture 3.7) holds for all members (without Condition (Tam)) of the Hida family of ρ. Remark 1.3. Since [EPW06] depends on [DT94] , the p = 3 case is excluded in the statement. It should be emphasized that the Hida family here means not only one tame level branch ("I-adic") but also all ordinary forms congruent to ρ. Thus, Condition (Tam) is removed in the statement. If we apply [Och06, Corollary 2.7] instead of [EPW06, Corollary 1], then we obtain the two-variable main conjecture [Och06, Conjecture 2.4] over the minimal tame level branch without the µ = 0 assumption. Via [Fou, Theorem 4.1.1 and Corollary 4.1.3], the µ = 0 assumption could be removed and the p = 3 case could be allowed, but we keep them in the statement because it has not been published yet.
1.2.3. Extension of Theorem 1.1 via congruences II. In this subsection, we assume that a p (f ) = 0 and ψ is the trivial character, i.e. ψ = 1. Although this part depends on [GIP08] , which has not been published yet, the result is now more or less well-known to the experts. Notably, the algebraic side of [GIP08] is already covered in [Kim09] and [HL] .
Let S 2 (ρ)[T p ] be the set of newforms of weight two such that
• their residual representations are isomorphic to ρ,
• their p-th Fourier coefficients are zero, and • their characters are trivial.
Corollary 1.4 (The non-ordinary forms of weight two with a p (f ) = 0). As well as the assumptions in Theorem 1.1, we further assume that • a p (f ) = 0 and ψ is trivial;
• the µ-invariants of the ±-p-adic L-functions of f vanish.
Proof. It is a direct application of [GIP08] and the equivalence of the main conjectures of Kobayashi and Kato ([Kob03, Theorem 7.4]).
Remark 1.5. The conditions a p (f ) = 0 and ψ = 1 are required to use the formulation of ±-Iwasawa theory although they are not required in Theorem 1.1. As in Remark 1.3, if we apply [Fou, Theorem 4.1.1 and Corollary 4.1.3], then the validity of the main conjecture would extend to all modular points in a certain universal Hecke algebra of ρ (with an R = T theorem).
1.2.4.
Further consequences and the indivisibility of derived Kato's Euler systems. One of the advantages of Theorem 1.1 is that we can numerically compute the Kurihara numbers. Indeed, as indicated in [Kur14b, Page 320 and 321], the numerical computation of δ n is easy and we even can easily find n such that δ n = 0 in F λ , at least for elliptic curves over Q with good ordinary reduction. This yields the following practical and effective "algorithm" for the verification of the main conjecture. See §8 to observe how it yields new examples of the main conjecture.
"Algorithm" 1.6.
(1) Check whether a given modular form f satisfies the assumptions of Theorem 1.1.
(2) Choose s Kolyvagin primes ℓ 1 , · · · , ℓ s and let N be the set of square-free products of the chosen primes. (3) Compute δ n for all n ∈ N until we get δ n ∈ F × λ . If we get all zeros, then go back to (2) and choose different Kolyvagin primes. (4-1) In the ordinary case, compute ϑ(Q r , f α ) (mod λ) for r ≥ 1 until we get ϑ( 
for some n for all (optimal) elliptic curves over Q of conductor < 30, 000 with p ≥ 5 such that the p-part of the analytic order of the Shafarevich-Tate groups is non-trivial. It is natural to ask whether it is always possible to find a square-free product of Kolyvagin primes n such that δ n = 0. The following conjecture predicts that the answer is yes, at least for ordinary forms. . Assume that a p (f ) is a λ-adic unit satisfying Condition (NA) and all the other conditions in Theorem 1.1. if we further assume the main conjecture and the non-degeneracy of the p-adic height pairing, then Conjecture 1.9 holds.
In some sense, our main theorem (Theorem 1.1) can be thought of a partial converse to Theorem 1.10. Ashay Burungale, Francesc Castella and the first-named author investigate an anticyclotomic analogue of this aspect in [BCK] . In the process of the proof of Theorem 1.1.(2), it is observed that the numerical criterion implies the indivisibility of derived Kato's Euler systems (without making any ordinary assumption), i.e. Theorem 1.1.(1). k s
The ±-main conjectures for all congruent forms of weight two with ap = 0
The main conjectureà la Mazur-Greenberg (Conjecture 3.7)
[EPW06] and µ=0
The main conjectureà la Mazur-Greenberg for all members of Hida families where κ is Kato's Kolyvagin system (Theorem 4.12) and κ ∞ is Kato's Λ-adic Kolyvagin system (Theorem 4.13).
In §2, we fix the stage we work on. Also, we explain how the assumptions in Theorem 1.1 are used. In §3, we review various Iwasawa main conjectures for modular forms and their equivalence:
(1) Kato's main conjecture (Conjecture 3.3), (2) Iwasawa main conjectureà la Mazur-Greenberg (Conjecture 3.7), and (3) Kobayashi's ±-main conjecture (Conjecture 3.8). In §4, we recall the necessary material of Kolyvagin systems and explain how Kato's main conjecture can be deduced from the primitivity of Kolyvagin systems. More precisely, Proposition 4.19 shows that
More formally, we give the following reduction of proof of Theorem 1.1. , it suffices to check κ n = 0 (mod λ) for some square-free product of Kolyvagin primes n.
Reduction of Proof
Thus, most content of this article is devoted to prove
In §5, we compute the image of
) under the composition of the de Rham pairing ( §5.2) with the dual basis ω * f , which can be detected by the Eichler-Shimura isomorphism ( §5.5), and the dual exponential map. Here, Q p (µ n ) := v|p Q(µ n ) v and we also write
We denote the image by
which is a Z f,λ ⊗ Z p [µ n ]-lattice (Proposition 5.4). The method for the computation is to compute its dual (= the image of the local points of modular abelian varieties under the logarithm map) and the Tate local duality ( §5.6 and §5.7).
In §6, we explicitly the construct "mod p" Kolyvagin system from Kato's Euler system and deduce the following relation
is the (+)-part of the derived Kato's Euler system at Q(µ n ) (Proposition 6.1). In §7, we compute the image of the localization of derived Kato's Euler systems under the dual exponential map and express it as the Kolyvagin derivative of Mazur-Tate elements. Let loc p :
) be the localization map to the semi-local cohomology. Since loc p is Gal(Q(µ n )/Q)-equivariant, we have
Since the dual exponential map is also Gal(Q(µ n )/Q)-equivariant in this setting, we have
in L . Also, the de Rham pairing defined in Theorem 5.1 is also Gal(Q(µ n )/Q)-equivariant, we have
In §7.3, we prove that the Kolyvagin derivative of the Mazur-Tate element at Q(µ n ) and δ n , the Kurihara number at n, are congruent modulo λ (Theorem 7.5). In other words,
To sum up, we have the following implication in §7.4
Therefore, Theorem 1.1 immediately follows.
In §8, we examine "Algorithm" 1.6 for four elliptic curves which are not covered by [SU14] to confirm new examples of the main conjecture for elliptic curves with good ordinary reduction. We also deal with two non-ordinary examples at the end.
As a result, we understand the Kurihara number δ n at n as the mod λ localized image of Kolyvagin derivative of the (+)-part of Kato's Euler system at Q(µ n ) under the dual exponential map. Since Kurihara obtained δ n from his Euler systems of Gauss sum type, it seems natural to ask the following question. Question 1.13. What is the explicit relation between Kato's Euler systems [Kat04] and the Euler systems of Gauss sum typeà la Kurihara [Kur14a] , [Kur14b] ?
2. Setup and remarks on the conditions in Theorem 1.1 2.1. Fixed embeddings. Let p be a prime > 2. Fix embeddings ι ∞ : Q ֒→ C, ι p : Q ֒→ Q p , and an abstract field isomorphism ι : C ≃ Q p such that ι • ι ∞ = ι p . For a field F , let G F be the absolute Galois group of F .
Modular forms.
For any ring R, let S 2 (Γ 1 (N ), R) be the space of cuspforms whose Fourier coefficients lie in R.
Let f = a n (f )q n ∈ S 2 (Γ 1 (N ), Q) be a newform with character ψ. Let Q f be the Hecke field of f over Q, which is totally real or CM depending on ψ, Z f be the ring of integers of
Let f = a n (f )q n ∈ S 2 (Γ 1 (N ), Q) be the dual modular form of f as in [Kat04, §6.5] where a n (f ) is the complex conjugate of a n (f ). Then the character of f is ψ = ψ −1 . Let λ be the place of Q f dividing p and compatible with ι p . Let Q f,λ be the completion of Q f at λ. Let Z f,λ be the ring of integers of Q f,λ . Then we have
2.3. Hecke algebras. Let T be the full Hecke algebra over Z p acting faithfully on S 2 (Γ 1 (N ), Z p ) where Z p is the integral closure of Z p in Q p . Let ℘ f ⊆ T be the ideal generated by T ℓ − a ℓ (f ) for all primes ℓ and a for a ∈ (Z/N Z) × . Let m ⊆ T be the maximal ideal generated by ℘ f and λ, which corresponds to the residual representation of f . Then T/℘ f is an order of Q f,λ and T/m = F λ . We denote the localization of T at m by T m .
Modular Galois representations.
be the λ-adic Galois representation associated to f arising from theétale cohomology of a modular curve. Then ρ f satisfies the following properties ([Kat04, §14.10])
(1) det(ρ f ) = χ −1 cyc · ψ −1 where χ cyc is the cyclotomic character ( §2.5); (2) for any prime ℓ not dividing λ, we have
where Fr ℓ is the arithmetic Frobenius at ℓ and I ℓ is the inertia subgroup of G Q ℓ ; (3) for the prime number p lying under λ, we have
where ϕ is the Frobenius operator acting on D cris (V f ), the crystalline representation associated to V f .
For any Galois module
Let Σ = Σ(N ) the finite set of places of Q consisting of p, ∞, the places dividing N . Let Q Σ be the maximal extension of Q unramified outside Σ. Then ρ f factors through Gal(Q Σ /Q).
Let ρ : G Q → GL 2 (F λ ) be the residual Galois representation of V f . Due to Condition (Im) in Theorem 1.1, all the content of this article is independent of the choice of a Galois-stable Z f,λ -lattice
be the modular abelian variety over Q attached to f as the quotient of J 1 (N ) by the ideal ℘ f in the Hecke algebra T Z over Z. Then it is an abelian variety over Q with endomorphism ring End(J 1 (N ) f ) = T Z /℘ f . Note that all Galois conjugates of f define the same abelian variety. Let J 1 (N ) f be the Néron model of J 1 (N ) f over Z and J 1 (N ) f be the formal group of J 1 (N ) f . This formal group appears in §5.6.
Let V λ (J 1 (N ) f ) be the Galois representation arising from the λ-adic Tate module of
Due to the duality of modular Galois representations [Kat04, (14.10.1)]
we also consider the dual representation
and denote the corresponding Z f,λ -lattice by T f (1). Let R be any p-adic ring including Q f,λ , Z f,λ , and Z f,λ /λ i . Then, for any R-module M , we set M * := Hom R (M, R). Also, the torsion part of M is denoted by M tors .
2.5. Cyclotomic extensions and Iwasawa algebras. Let Q(µ p ∞ ) be the full cyclotomic extension of Q with Galois group G ∞ := Gal(Q(µ p ∞ )/Q), and let
as the image of a under the global Artin map, which behaves like the inverse of the p-adic cyclotomic character. Then σ ℓ is the arithmetic Frobenius at ℓ in Gal(Q(µ n )/Q) with ℓ ∤ n.
Let Λ = Z f,λ G ∞ be the extended cyclotomic Iwasawa algebra and Λ := Z f,λ Gal(Q ∞ /Q) be the cyclotomic Iwasawa algebra over Z f,λ .
Although Q f,λ ⊗ Qp Q p (µ n ) and F λ ⊗ Fp F p (µ n ) are fields (due to the chosen embedding ι p ), we keep the notation to see the action of Gal(Q(µ n )/Q) clearer. For convenience, if (n, p) = 1, we always choose p as a uniformizer for Q(µ n ) v ⊆ Q p (µ n ) for any v|p since Q(µ n ) v is unramified at p.
2.6. Remarks on the conditions in Theorem 1.1. We briefly review how the conditions in Theorem 1.1 are used in this article.
Remark 2.1 (NA). The non-anomalous assumption a p (f ) ≡ 1 (mod λ) removes the exceptional zero case, which would harm Theorem 4.15, so it would also violate Proposition 4.19. The assumption
Note that both conditions a p (f ) ≡ 1 (mod λ) and Indeed, Condition (Tam) in Theorem 1.1 is very mild due to the following proposition.
Proposition 2.4. Let p > 3. Let S 2 (ρ) be the set of newforms of weight two with residual representation ρ. Assume that ( * ) q does not divide the conductor of det(ρ) for any prime q ≡ −1 (mod p) with q N (ρ).
Then there exists a newform f ∈ S 2 (ρ) satisfying Condition (Tam) in Theorem 1.1.
Proof. It immediately follows from [Rib90] and [DT94] .
Remark 2.5. If ρ comes from a form with trivial character, then Condition ( * ) in Proposition 2.4 is always satisfied.
3. Iwasawa main conjectures for modular forms 3.1. Selmer groups. Let F be an algebraic extension of Q. Then the Selmer group of A f (1) over F is defined by [EPW06] includes the exceptional zero case by using Greenberg ordinary Selmer groups, we do not allow the exceptional zero case to examine the Λ-primitivity of Kato's Kolyvagin system. 3.1.2. Non-ordinary forms. Suppose that a p (f ) = 0 and ψ = 1. Following [Kob03] , we define the Z f,λ -submodules of J 1 (N ) f,λ (Q n,p ) by ,p ) is the trace map. Then the ±-Selmer groups of f over Q n is defined by
and the ±-Selmer groups of f over Q ∞ by
respectively.
3.2. Mazur-Tate elements and p-adic L-functions. We quickly review the Mazur-Tate elements and p-adic L-functions of modular forms of weight two.
3.2.1. Mazur-Tate elements. Let Q(µ n ) + be the maximal totally real subfield of Q(µ n ). We define
where a n
and a n f := a n
where Ω ± f is the (±)-part of an integral canonical period of f . See §5.4 for the definition of the periods. 3.2.2. p-adic L-functions. Suppose that a p (f ) is a λ-adic unit satisfying Condition (NA) in Theorem 1.1. Let β be the non-unit root of the Hecke polynomial
be the natural projection and the norm map defined by σ → π r r−1 :τ →σ τ , respectively. Then we define
and ϑ(Q r , f α ) to be the natural image of ϑ
Then the sequence (ϑ + (Q(µ p r ), f α )) r forms a projective system and the limit defines the p-adic L-functions of f for
The p-adic L-function of f for the cyclotomic Z p -extension of Q is defined by the image of 
where χ is a character on Gal(Q ∞ /Q) of p-power order, 1 is the trivial character, and τ (χ) is the Gauss sum of χ. 
and κ
) be the Λ-adic Kato's Kolyvagin system at Q ∞ (Theorem 4.13). Let j n : Spec(Q n ) → Spec(O Qn [1/p]) be the natural map and we define the i-th Iwasawa cohomology by (1) H 2 (T f (1)) is a finitely generated torsion module over Λ. (2) H 1 (T f (1)) is free of rank one over Λ.
Let z Kato ∈ H 1 (T f (1)) be Kato's p-adic zeta element, which is "z Proposition 3.4.
Remark 3.5.
• 
Following [Kat04, §17.13], Conjecture 3.3 and Conjecture 3.7 are equivalent.
3.3.3. The Iwasawa main conjecture for modular formsà la Kobayashi. Suppose that a p (f ) = 0 and ψ = 1. Then the finitely generated Λ-module Sel
Conjecture 3.8 ([Kob03, Conjecture in §5]). As ideals of
Following [Kob03, Theorem 7.4], Conjecture 3.3 and Conjecture 3.8 are equivalent.
A quick review of Kolyvagin systems
The goal of this section is to review Kolyvagin systems with a focus on Kolyvagin systems arising from Kato's Euler systems for the dual Galois representation and to explain 4.1. Local preliminaries. Let ρ f (1) be the dual representation defined in §2.4. Then ρ f (1) also factors through Gal(Q Σ /Q). For any prime ℓ ∈ Σ, we define
.1], we define the Selmer structure F on T f (1) by
where Sel(F, T f (1)) is the compact Selmer group (defined in terms of the orthogonal local conditions via the Tate local duality) and F is an algebraic extension of Q as in [MR04, §6.2] with help of §3.1. We also recall the "canonical" Selmer structure F can on T f (1) as in [MR04, Definition 3.2.1]. The canonical structure F can is obtained from F by relaxing the condition at p; in other words, (1) ρ f (1) is unramified at ℓ, (2) ℓ ≡ 1 (mod λ), (3) a ℓ (f ) ≡ ℓ + 1 (mod λ), and (4) ψ(ℓ) ≡ 1 (mod λ).
From now on, we further assume that ℓ is a Kolyvagin prime. Let I ℓ ⊂ Z f,λ be the ideal generated by ℓ − 1 and P ℓ (1). Then I ℓ ⊆ λZ f,λ . Let I n = ℓ|n I ℓ ⊆ Z f,λ . Then the finite-singular map φ fs ℓ is defined by the commutative diagram
Let F (n) be the Selmer structure defined by F and the transverse local condition at primes dividing n defined in [MR04, Example 2.1.8]. We compare different Selmer structures as follows:
where
4.3. Selmer triples. Let P be the set of Kolyvagin primes for T f (1) and N be the set of square-free product of primes in P. Then we call (T f (1), F can , P) a Selmer triple and recall the basic assumptions on the triple as in [MR04, §3.5] and [Büy11, §2.2]. 
The following lemma is easily observed.
Lemma 4.5. Lemma 4.6. The set P satisfies the following properties.
(1) T f (1)/(Fr ℓ − 1)T f (1) is a cyclic Z f,λ -module for every ℓ ∈ P.
(2) Fr 
Let KS(T f (1), F can , P) be the Z f,λ -module of Kolyvagin systems and an element of KS(T f (1), F can , P) is denoted by κ = (κ n ) n where n runs over all square-free products of primes in P, i.e. n ∈ N . Definition 4.8 (generalized Kolyvagin systems; [MR04, Definition 3.1.6]). Let k ∈ N and P k be the set of places ℓ ∈ Σ(F can ) such that
is free of rank one over Z f,λ /λ k , and
Then we have decreasing filtration · · · ⊂ P 4 ⊂ P 3 ⊂ P 2 ⊂ P 1 .
We define the Z f,λ -module of generalized Kolyvagin system for (T f (1), F can , P) by
with respect to the functorial maps given in [MR04, Remark 3. 
is an isomorphism.
Thus, we do not distinguish KS and KS for T f (1). Q ab is the maximal abelian extension of Q in Q. Let c = (c F ) F ∈ ES(T f (1), P, Q ab ) be Kato's Euler system (Definition 7.1) with c F ∈ H 1 (F, T f (1)) where F runs over finite abelian extensions of Q. In other words, the collection of the cohomology classes satisfy the following relation. For
where σ ℓ ∈ Gal(F/Q) is the arithmetic Frobenius at ℓ, and S and S ′ are the finite sets of finite places which are ramified in F/Q and F ′ /Q, respectively. Here, S and S ′ are disjoint from a finite set of finite places including ones dividing N p.
Remark 4.11. Let c F ∈ H 1 (F, T f (1)) be the complex conjugation of c F . Then we define
respectively. All the construction and the argument below also work with c
, F can , P) be the Kato's Kolyvagin system as the image of c + under the map below where Let F Λ be the Selmer structure for 
The non-triviality of κ ∞ , in fact, κ (1) The module KS(T f (1) ⊗ Z f,λ Λ, F can , P) is free of rank one over Λ.
(2) The specialization map is surjective and forms the following commutative diagram
To sum up, we have the following commutative diagram 
is zero. 
The image of the dual exponential map for unramified extensions
The goal of this section is to explain the following diagram
In order to do this, we compute the image of J 1 (N ) f,λ (Q p (µ n )) under the composition of the de Rham pairing with ω f and the logarithm map and use Kato's explicit formula (Theorem 5.1) via the Tate local duality. It is an explicit description of the integral structure of [BK90, Example 3.11]. Since the de Rham pairing and the period integral are closely related via the Eichler-Shimura isomorphism, we also explain this comparison and the integral canonical periods. This section can be regarded as a generalization of [Rub00, Proposition 3.5.1] to modular abelian varieties of GL 2 -type and an explicit description of [Kat04, Lemma 14.18.(ii)] for Q p (µ n ).
The local condition at p. The local condition H
) are orthogonal complements with respect to the local Tate pairing.
5.2.
Kato's explicit formula. Let K be a finite extension of Q p . For a de Rham representation
GK where B dR is the de Rham period ringà la Fontaine, B + dR ⊆ B dR is the valuation ring of B dR , and t is a uniformizer of B dR . For finite extensions 
coincides with the composition of maps
is the composition of the trace map and the Q f,λ -sesqui-linear de Rham pairing, i.e. the pairing is Q f,λ -conjugate-linear for the second term. 
. If K/Q p is Galois, then it admits the natural action of Gal(K/Q p ). Consider the Lie group exponential map
Also, with the Kummer map, we have the Bloch-Kato exponential map, which yields the following
Definition 5.2. We define the canonical integral lattice
The canonical integral lattice coincides with the Z f,λ -component of the integral tangent space of the Q p (µ n )-points of the Néron model of J 1 (N ) f since T f (1) is naturally isormorphic to the λ-adic Tate module of J 1 (N ) f ,λ .
By the interpretation of modular forms in terms of p-adic Hodge theory as in [Kat04, (11.3 .4)], we define the cotangent space and normalize its integral one by
The dual basis is explicitly described in terms of integral canonical periods in §5.5.
5.4.
Mod p multiplicity one and integral canonical periods. We recall the notion of integral canonical periods following [Vat13, §3] . The existence of integral canonical periods requires a mod p multiplicity one result established by Mazur, Wiles, and others, under the residual irreducibility assumption.
For a module M , let M ± be the submodule of M on which the complex conjugation acts by ±1, respectively, and m be the maximal ideal of T corresponding to ρ as in §2.3.
By [Wil95, Theorem 2.1.(i)] with Condition (Im) in Theorem 1.1 and (N, p) = 1, the Hecke module
Using the mod p multiplicity one, the interpolation formula of Mazur-Tate elements, elementary properties of Gauss sums, it is easy to see that the values a n f , a n + f , and a n − f lie in Z f,λ . for any integer a and n with (n, N ) = 1.
5.5. The de Rham pairing, the period integral, and Eichler-Shimura. In order to utilize Kato's explicit formula (Theorem 5.1), we need to work on the de Rham side. Thus, we need to compare the Betti homology of modular curves (appeared in §5.4) and the dual space to the de Rham cohomology of modular curves (appeared in §5.2) via the Betti-de Rham comparison (Eichler-Shimura isomorphism).
From now on, we only cover the (+)-part because we focus on the totally real extension Q ∞ /Q. We summarize the comparison between the Betti side and the de Rham side in the following diagram.
We can also easily obtain the (−)-part by looking at the whole first de Rham cohomology. The cup product, the de Rham pairing and the period integral can be also compared as follows.
take the Z f,λ -component. Then we have the the following commutative diagram
5.7. Computing the size of the image. Using the local Tate pairing, we identify the integral structures
?
The horizontal map has an explicit formula due to Theorem 5.1. In other words, for
Therefore, in order to compute the lattice
it suffices to compute the (conjugate) reciprocal lattice
The image of the formal group under the formal logarithm map is
f at p and we have exact sequence
Considering the logarithm maps from the above sequence (5.1), we have the following diagram:
By the Eichler-Shimura relation ([Con01, Corollary 5.15 and Theorem 5.16]), we have
) and we define e n by the λ-valuation of a generator of Ann
Remark 5.3. Both (1 − α p np )(1 − β p np ) and λ en are non-zero due to the identity elements of
By the duality via the de Rham pairing, we have the following statement.
Proposition 5.4.
and it becomes a
Remark 5.5.
) and ker(log) are isomorphic, the value
Remark 5.6. In order to cover the full cyclotomic extension Q(µ p ∞ ), not just Q ∞ , it seems that one needs to generalize the computation in this section to Q p (µ np ). However, since Q p (µ np )/Q p is a ramified extension, the formal group argument (or the Fontaine-Laffaille theory as in [BK90, §4]) does not seem to work neatly.
Explicit description of (residual) Kolyvagin systems from Euler systems
We explicitly describe the map from Kato's Euler systems to Kato's Kolyvagin systems modulo λ as the mod λ version of Theorem 4.12. See [MR04, Appendix A] for detail. 6.1. Kolyvagin derivatives. Let n be a product of Kolyvagin primes. Let c
be the (+)-part of Kato's Euler system at Q(µ n ) as in Remark 4.11. For each ℓ, fix a primitive root η ℓ and the corresponding generator σ η ℓ ∈ (Z/ℓZ) × . Following [Rub00, Definition 4.4.1], we define the Kolyvagin derivative operator at ℓ by
). We define the Kolyvagin derivative (at n) by
6.2. Derived Euler systems and Kolyvagin systems. We define weak Kolyvagin system wκ n modulo λ by the following diagram 
. Then there exists a canonical isomorphism of Z f,λ /I ℓ -modules defined by
Let n ∈ N and S(n) be the set of permutations of the primes dividing n. For π ∈ S(n), let
ℓ. Then we define Kolyvagin system κ n by (6.1)
following [MR04, (33) , Page 80], and {κ n : n ∈ N } satisfies all the axioms of Kolyvagin systems. From Equation (6.1), the following proposition is straightforward and shows that the indivisibility of derived Euler systems is equivalent to the primitivity of the corresponding Kolyvagin systems.
is non-zero modulo λ if and only if the corresponding Kolyvagin system κ n is non-zero modulo λ.
7. From Kato's Euler systems to modular symbols 7.1. Kato's Euler systems and the interpolation formula. We first fix the convention of Kato's Euler system. Let δ
Definition 7.1 (Kato's Euler systems). We define 
respectively. We follow the idea of [Ota18, Corollary 5.13]. Since
where ξ runs over all characters on Gal(Q(µ n )/Q), the equalities for all ξ imply the equality in Q f,λ ⊗ Q(µ n )[Gal(Q(µ n )/Q)]. Since all the above elements in (7.5) lie in Z f,λ [Gal(Q(µ n )/Q)], the lifting to the group ring works well. To sum up, we have equality (mod λ) = 0 ∈ F λ ⊗ F p (µ n ).
Due to Theorem 7.5, it is equivalent to (7.7) p · C p · δ n (mod λ) = 0 ∈ F λ ⊗ F p (µ n ), and indeed, δ n ∈ F λ ; thus, the Galois action on δ n becomes trivial. Thus, it implies δ n = 0 ∈ F λ .
Examples
In this section, we describe new explicit examples of the Iwasawa main conjecture of modular forms over the cyclotomic Z p -extension. Four good ordinary and two non-ordinary examples are discussed.
8.1. Elliptic curves with good ordinary reduction of squarefull conductors. We consider four elliptic curves over Q found from [LMF17] as examples and use [Dev17] for computation. Since all the elliptic curves here have no semistable prime in their conductors, Skinner-Urban's work [SU14] does not apply to these examples. X. Wan's work [Wan15] could apply only if one can find suitable real quadratic fields. From now on, λ means Iwasawa λ-invariants, not a place dividing p. All four elliptic curves E i (i = 1, · · · , 4) share the following properties:
• E i is ordinary and non-anomalous at p.
• E i [p] is surjective.
• The product of all the Tamagawa factors are not divisible by p.
• The µ-invariant is zero and the λ-invariant is 2.
Furthermore, by the last condition, their Iwasawa main conjectures do not follow immediately from Kato's Euler system divisibility. Note that the value δ n is not well-defined but the non-vanishing property of δ n is well-defined. For the first three elliptic curves, the (analytic) order of the p-part of their Shafarevich-Tate groups are non-trivial (with rank zero), i.e. λ = λ X = 2. For the last elliptic curve, the rank of the elliptic curve is two, i.e. λ = λ MW = 2.
